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Abstract 
As more people through different modes compete for the limited urban space that is set aside to serve transport, there is an 
increasing need to understand details of how this space is used and how it can be managed to improve accessibility for everyone. 
Ultimately, an important goal is to understand what sustainable level of mobility cities of different structures can achieve. 
Understanding these outcomes parametrically for all possible city structures and mixes of transport modes would inform the 
decision making process, thereby helping cities achieve their sustainability goals. In this paper we focus on the network capacity 
of multimodal systems with motorized traffic and extra emphasis in buses. More specifically, we propose to study how the 
throughput of passengers and vehicles depends on the geometrical and operational characteristics of the system, the level of 
congestion and the interactions between different modes. A methodology to estimate a macroscopic fundamental diagram and 
network capacity of cities with mixed-traffic bus-car lanes or with individual bus-only lanes is developed and examples for 
different city topologies are provided. The analysis is based on realistic macroscopic models of congestion dynamics and can be 
implemented with readily available data. 
© 2011 Published by Elsevier Ltd. 
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1. Introduction 
Mobility and transportation are two of the leading indicators of economic growth of a society. As cities around 
the world grow rapidly and more people and modes compete for limited urban space to travel, there is an increasing 
need to understand how this space is used for transportation and how it can be managed to improve accessibility for 
everyone. This research seeks to shed some light in the macroscopic modeling of traffic flow for overcrowded cities 
with multimodal transport. To enhance more in this direction, we are interested in developing a macroscopic 
methodology to model different types of multi-modal systems, which contain buses, cars, taxis etc. with emphasis in 
conflicts for the same road space (e.g. mixed traffic of buses and cars; vehicles searching for parking while 
intervening with moving-to-destination vehicles; taxis or delivery trucks that stop to pick up passengers or goods 
etc.). More specifically, we propose to study how the throughput of passengers and vehicles depends on the 
geometrical and operational characteristics of the system, the level of congestion and the interactions between 
different modes. The analysis is based on realistic macroscopic models of congestion dynamics and can be 
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implemented with readily available data. The existence and the analytical modeling of a macroscopic fundamental 
diagram for multi-modal cities will be developed. Ultimately, the goal of the proposed work is to develop modeling 
and optimization tools which will contribute on how to allocate city space to multiple transportation modes and to 
understand what sustainable level of accessibility cities of different structures can achieve. 
Despite the different features of these modes in terms of occupancy (number of passengers), driving behavior 
(speeds, acceleration and deceleration profiles, length) duration of travel, scheduled vs. non-scheduled service, a 
common characteristic is the following: All of these vehicles whenmoving to an urban environmentmake stops 
related to traffic congestion (e.g. red phases at traffic signals) and other stops, which also cause delays to the 
transportation system as a whole: buses stop at bus stops to board/alight passengers; taxis stop frequently and 
randomly when they search/pick up/deliver passengers; cars may stop/manoeuvre when search/find a parking spot; 
delivery trucks stop to pick up/deliver goods. While there is a good understanding and vast literature of the 
dynamics and the modeling of congestion for congestion-related stops, the effect of service or general purpose stops 
in the overall performance of a transportation system still remains a challenge. It is intuitive that the effect of these 
stops during light demand conditions in the network capacity is almost negligible, but nowadays city centers are 
experiencing high level of congestion and the frequency in time and space of the service or general purpose stops is 
significantly high. In this paper we focus on conflicts service stops of buses, but the developed methodology can be 
directly applied to all the aforementioned cases.  
The influence of each type of conflict have in the performance of the overall system significantly depends on the 
type of the network (signal and geometric characteristics), the type of service (BRT vs. regular transit vs. ørregular 
bus services, like in under-developed countries), the operational characteristics (type of stop, passenger demand) the 
allocation of the road space (mixed traffic or individual bus lanes or bus and taxi lanes etc.) and the density of each 
mode. It strives to quantitatively estimate how each of the above parameters affect the total throughput of vehicles. 
Additionally, we aim to consider the effect of different occupancies between vehicles because it is important to 
recognize that some modes are more productive than others. Given the fact that construction of new infrastructure is 
not a feasible solution, we are seeking more sustainable alternatives, where more road space is allocated to public 
transit and ”car-less cities” are organized with well-operated public transit. Our research will provide the 
methodological framework to quantitatively evaluate these changes with models consistent with the physics of 
traffic. 
2. Literature Review 
Traffic in real cities is complex, with many modes sharing streets, and congestion evolving as demand patterns 
change over the course of a day. Existing literature on the physics of urban mobility can be divided generally into 
city-scale (macroscopic) efforts and street-scale (microscopic) works. City-scale investigations have thus far looked 
only at the behavior of car mode without considering the interactions of different modes in traffic congestion. 
Studies of multiple modes, on the other hand, have only been made at the street-level scale for unrealistic time-
independent scenarios. While recent findings in the macroscopic modeling and dynamics of traffic in cities have 
provided knowledge of single-mode, single-reservoir cities and single-mode, multi-reservoir cities (Geroliminis & 
Daganzo, 2007, 2008; Geroliminis & Sun, 2010b), our understanding of multi-mode cities is limited. Thus, the 
existing body of work leaves a gap to be filled-a physically realistic time-dependent, city-scale model including 
multiple modes is much needed. 
2.1. Traffic models for multi-modal transport systems 
Until the 1970s the mode was almost always the automobile, but since then some planning studies have looked at 
public transport on a city scale, particularly buses on idealized road networks. Making road space allocation 
decisions, however, requires consideration of multiple modes. To date, such considerations have been made only at 
the much finer street scale and still in a time-independent (unrealistic) environment. On the public transport side, 
city-scale modelers have looked at how systems should be designed. Wirasinghe et al. (1977) considered how to 
systematically design a bus transit system for an idealized city with centralized demand. They developed a model to 
minimize costs to users and operators by setting stop spacing and service headways, and then determining where 
feeder-buses to rail stations versus direct-buses operate most efficiently. However, these models have been only 
applied to one mode, and in the steady state. Work has also been done to look at how multiple modes can share the 
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road, but only on the street-scale level. Sparks & May (1971) developed a mathematical model to evaluate priority 
lanes for high occupancy vehicles on freeways. Later, Dahlgren (1998) and Daganzo & Cassidy (2008) have studied 
how different modes use freeways, recognizing that if different modes serve different numbers of passengers, then 
analyses should not view all vehicles the same. But these works are limited to small scale systems. They looked at 
the effect on total passenger travel time if a lane on a specific road section were dedicated to multiple occupant 
vehicles. This consideration of different occupancies between vehicles is important because it recognizes that some 
modes are more productive than others. The importance of considering passengers rather than vehicles was further 
voiced by Vuchic (1981). He criticized street-scale evaluations based only on vehicle flows, because multimodal 
systems should not view all modes as the same. The quantitative treatment of the transit process (e.g. network route 
design, scheduling) is reflected in a considerable amount of effort in numerous books and publications (e.g. Ceder, 
2007; Ceder & Wilson, 1986; Hickman et al., 2008), and will not be addressed in this work. 
Many researchers have looked at allocating street space between more than one mode whether it be through the 
dedication of a freeway lane to high occupancy vehicles or a lane for buses on a city street (Radwan & Benevelli, 
1983; Black et al., 1992). Like earlier studies, they focused on passenger travel time, in this case considering various 
degrees of mixing among modes in traffic, as well as high occupancy vehicle lanes and bus-only lanes. This method 
has limited applicability, however, because it assumes steady state traffic flow which ignores the fluctuations and 
spillover effects that typically characterize urban traffic congestion. More recently, Currie et al. (2004) argued for a 
full accounting of impacts including environmental impacts in planning studies of road space allocation. That 
analysis is based on a disaggregate micro-simulation which relies on intensive travel data inputs that are typically 
unreliable or unavailable. Also, micro-simulation studies cannot systematically cover the space of possible inputs, 
and therefore an understanding of multimodal traffic on the city-scale remains elusive. While the above-cited 
methodology, to its credit, promotes accounting for a wide range of impacts, the analyses have yet to be conducted 
on a full city scale. 
2.2. Macroscopic models of single-mode traffic in urban networks 
With respect to macroscopic modeling of single-mode traffic, various theories have been proposed for the past 40 
years to describe vehicular traffic movement in cities on an aggregate level. These works have attempted to predict 
both the average and the distribution of speed in an urban area as a function of explanatory variables that 
characterize the demand and the network infrastructure (e.g. Smeed, 1967; Wardrop, 1968). But these models cannot 
be used to describe the rush hour in a congested city as they contain monotonically decreasing relationships between 
average speed and flow. 
The first instance of a macroscopic fundamental diagram (MFD) showing an optimum car density was presented 
by Godfrey (1969). Earlier studies looked for macro-scale traffic patterns in data of lightly congested real-world 
networks (Godfrey, 1969; Ardekani & Herman, 1987; Olszewski et al., 1995) or in data from simulations with 
artificial routing rules and static demand Williams et al. (1987); Mahmassani & Peeta (1993). However, the data 
from all these studies were too sparse or not investigated deeply enough to demonstrate the existence of an invariant 
MFD for real urban networks. 
Support for its existence has been given only very recently (Geroliminis & Daganzo, 2007, 2008). These 
references showed that (1) the MFD is a property of the network itself (infrastructure and control) and not of the 
demand, i.e. the MFD should have a well-defined maximum and remain invariant when the demand changes both 
with the time-of-day and across days and (2) the space-mean flow is maximum for the same value of critical density 
of vehicles, independently of the origin-destination tables and (3) there is a robust linear relation between the 
neighborhoods’ average flow and its total outflow (rate vehicles reach their destinations). These properties can be a 
reliable tool for decision-makers to evaluate demand-side policies for improving mobility and anticipate the results 
of smart traffic management policies. For example, signals in Zurich are already controlled dynamically to maintain 
the speed and reliability of surface transit (Ott, 2002). Nevertheless, MFDs should not be universally expected. 
Recently, Geroliminis & Sun (2010b) explored the effect of inhomogeneous distribution of vehicles in space and 
time and studied how the spatial variability of vehicle density can affect the shape, the scatter and the existence of a 
well-defined Macroscopic Fundamental Diagram. Daganzo et al. (2010) investigated bifurcation and instability 
issues of an MFD for a two-ring network. Buisson & Ladier (2009) and Ji et al. (2010) investigated how different 
parameters affect the shape of the MFD with simulation and real data from Toulouse and Amsterdam. While MFDs 
should be expected for arterial networks that satisfy the above condition, freeway networks have topological or 
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control characteristics that are different; non-redundant, no traffic signals, hysteresis phenomena (Geroliminis & 
Sun, 2010a). From the above it is clear that the existing body of work leaves a gap to be filled -a physically realistic 
time-dependent, city-scale model including multiple modes is much needed. 
3. Methodological description 
3.1. A note on Variational theory (VT) 
Daganzo & Geroliminis (2008) used a moving observer method to show that the average flow-density states of 
any urban street without turning movements must be bounded from above by a concave curve. The section also 
shows that, under the assumptions of variational theory, this curve is the locus of the possible (steady) traffic states 
for the street; i.e., it is its MFD. 
Their method builds on a recent finding of Daganzo (2005), which showed that kinematic wave theory traffic 
problems with a concave flow-density relation are shortest (least cost) path problems. Thus, the centerpiece of 
variational theory (as is the fundamental diagram for kinematic wave theory) is a relative capacity (”cost”) function 
(CF), r(u), that describes each homogeneous portion of the street. This function is related to the known FD of 
kinematic wave theory Q. Physically, the CF gives the maximum rate at which vehicles can pass an observer 
moving with speed u and not interacting with traffic; i.e., the street’s capacity from the observer’s frame of 
reference. Linear CFs correspond to triangular FDs. Daganzo (2005) assumed a linear CF characterized by the 
following parameters: k0 (optimal density), uf (free flow speed), ț (jam density), w (backward wave speed), s 
(capacity), and r (maximum passing rate). CF line crosses points (uf, 0), (0, s), (-w, r) and has a slope equal to -k0. 
Daganzo & Geroliminis (2008) proved that a ring’s MFD with periodic characteristics in time and space (traffic 
signals every L meters with common green duration G and cycle C and no turns), Q = Q(k), is concave and given by 
Equation (1). Figure 1a illustrates that Equation (1) is the lower envelope of the 1-parameter family of lines on the  
Figure 1: The MFD defined by a 1-parameter family of “cuts” (Daganzo & Geroliminis, 2008) and both forward, backward and stationary 
observers
(k, q) plane defined by q = ku + R(u) with u as the parameter. Note this equation also describes the passing rate of 
an observer moving with constant speed u in a stationary traffic stream with flow q and density k. The main 
difference is that traffic signals create non-stationary conditions as vehicles stop at traffic signals and this relation 
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does not apply in all cases. We call these lines "cuts” because they individually impose constraints of the form: 
q  ku + R(u) on the macroscopic flow-density pairs that are feasible on a homogeneous street. 
ݍ ൌ ௨ሼ݇ݑ ൅ ܴሺݑሻሽ     [1] 
Because evaluating R(u) in Equation (1) for all u can be tedious, Daganzo & Geroliminis (2008) proposed instead 
using three families of ”practical cuts” that jointly bound the MFD from above, albeit not tightly. It has been shown 
(Daganzo, 2005) that for linear CF’s, an optimal path always exists that is piece-wise linear: either following an 
intersection line or else slanting up or down with slope uf or -w. The practical cuts are based on observers that can 
move with only 3 speeds: u = uf , 0, or w and stop at intersections during red times and possibly during green 
periods as well. Recall that an observer’s cost rate (maximum passing rate) is qB(t) if the observer is standing at 
intersection with capacity qB(t)  s and otherwise it is given by a linear CF, i.e. it is either 0, s or r depending on the 
observer’s speed. 
Figure (1b) provides an explanation how the “practical cuts” are estimated for a series of intersections with 
common length and signal settings (green, cycle and offset). Case (4, F) shows the fastest moving observer, who 
runs with speed uf and stops only at red phases once every 4 signals. No vehicles are passing her, the first “cut” 
crosses the q−k plane at (0, 0) and has a slope equal to the average speed of the observer. The second observer (3, F) 
still runs at uf but stops during the green period every third signal. Thus, she has a smaller average speed and 
vehicles are passing her at rate s when waiting in green phases. This passing rate is shown in the second “cut” as the 
constant of the line that crosses axis q at q > 0. The third observer (2, F) stops in every two signals whereas the 
fourth (1, F) stops in every signal, while the fifth observer named as (S) is the stationary observer with zero speed. 
Cases (3, B)-(1, B) show the backward moving observers, who are passed at rate r when moving in the opposite 
direction and at rate s when waiting in green phases. The lower envelope of all these “cuts” produces the MFD.  
The estimated MFD (despite its simplistic approach) fits well empirical and simulated data for Yokohama and 
San Francisco, two networks that only roughly meet the regularity conditions. 
3.2. Extension of VT for multi-modal networks 
Let’s consider here a street of length L with a fixed number of lanes but any number of intersections. The 
intersections can be controlled by stop lines, roundabouts, traffic signals or any type of control that is time-
independent on a coarse scale of observation; i.e. large compared with the signal cycles. We are interested in 
solutions where the flow at the downstream end of the street matches the flow at the upstream end; e.g. as if the 
street formed a ring, because then the average density does not change. In VT, the street can also have any number 
of time-invariant and/or time-dependent point bottlenecks with known capacities. The bottlenecks are modeled as 
lines in the (t, x) plane on which the “cost” per unit time equals the bottleneck capacity, qB(t). The only constraint is 
that all intersections and bottlenecks need to have periodic characteristics both in time and space, i.e. we cannot 
model a single accident or a non-recurrent bottleneck with VT. 
The above broad applicability of VT gives us the flexibility to model many different types of conflicts in traffic 
movements as hypothetical traffic signals of type p, with the following periodic characteristics: length Lp, cycle Cp, 
green duration Gp offset p and capacity during red phase, Crp . 
Consideration shows that if all the blocks of our street are sufficiently long then the maximum average flow as 
expressed by the shortest path (SP) is a horizontal line along the trajectory of one of the intersections; and the 
capacity is simply: R(0) = min{snGn / Cn}. However, if some of the blocks are short then there could be shortcuts that 
use red periods at more than one intersection and the capacity can be significantly smaller. The definition of a short 
link does not only include its length but also the signal settings. In other words, very short red periods (e.g. when a 
bus stops for 10sec to pick up a passenger 100m upstream of the stopline) may not have significant effect in the 
MFD of a city with medium-length links, but a bus stop of 40sec may decrease the capacity of an MFD for the same 
city structure. Another significant variable in both cases is the frequency of bus stops or other conflicts. 
An MFD for a single-mode is a two-dimensional plot between average network flow and average network 
density. In a multimodal system these definitions are vague because (i) there are more independent variables that 
affect the network flow (e.g. the density of each mode) and (ii) each mode has different passenger occupancy. This 
problem is complex because the dynamics of vehicle conflicts (as they will be estimated through VT) depend on the 
vehicle types and not on their occupancies, but the operational characteristics of the hypothetical traffic signals may 
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depend on vehicle occupancies, as for example the dwell times of buses. Once completing all the challenging 
mathematical formulations and analyses of this work, it is meaningful to introduce a new concept of an MFD for 
cities where now the network flow is expressed as passenger-kilometers per unit time, instead of the current 
approach of vehicle-kilometers per unit time.  
The fact that different pairs of conflicts (e.g. bus-bus, bus-car, car-taxi) have a broad range of operational 
characteristics, emphasizes the need for careful consideration and analysis of each case individually. We now 
describe the characteristics of our methodology and report upon the estimation of model parameters for different 
types of multi-use lanes. The moving observer method of variational theory to estimate an MFD is a powerful tool 
that can simulate a broad range of applications. 
3.2.1. Individual bus lanes 
There are many cities around the world, where bus lines have been designed to fully utilize the dedicated space. 
An example of this is Oxford Street in London which is devoted to 18 bus lines, and is so fully utilized that it tends 
at times to be congested with buses. In case of individual bus lanes, we first need to estimate the relative capacity 
(“cost”) function (CF), r(u), that describes each homogeneous portion a street. These parameters can be directly 
estimated using GPS data of closely interacting buses or loop detector data. More specifically, free-flow speed ufb , 
jam density țb and capacity qmb suffice to estimate the cost function.  
Special treatment should be given to model bus stops as hypothetical traffic signals. The reason is that buses do 
not run on schedule at all times and dwell times can vary significantly from bus stop to bus stop or for different uses 
at the same stop. Thus, both the cycle time and the duration of the green phase should be modeled with stochastic 
characteristics. While analytical solutions can be obtained under some special cases for specific moving observers 
using variational theory, we use a simple computer simulation, which will be described later, to see the effect of 
different distributions of bus arrivals and dwell times in the performance of bus lanes as expressed by an MFD. 
Detailed GPS data can be utilized to estimate these distributions, such as the behavior of offsets, which we expect to 
be totally random in many cases. The location of the bus stop measured as distance from the intersection, Lb, is also 
a critical variable for the system performance.  
The total number of bus lanes and the different types of bus stops should also be considered. Normal bus stops 
intervene with main traffic and buses block a whole road lane when stopping for boarding/alighting passengers. In 
that case the capacity of the hypothetical signal during red is Cb
r = 0. Bus bays are the type with an extra lane at the 
stop site where buses can dwell on the extra lane. Because of the lower interfering, other vehicles can continue 
moving and the effect of a bus stopping is negligible. The number of births is also another key variable, which 
expresses the number of buses which can stop simultaneously and serve passengers. When all berths are full, 
waiting buses create longer red phases and can block the moving traffic even in case of bus bays. One can estimate 
the duration of red periods and cycles for different arrival profiles using queueing theory formulations. We expect 
that the maximum throughput of two-lanes will be higher than double the throughput of one-lane bus systems. 
3.2.2 Mixed traffic bus-lanes with cars 
The efficiency of mixed traffic lanes heavily depends on the density of each individual mode and the geometric 
characteristics. When these lanes operate close to capacity and car queue lengths are medium to high, even a small 
number of buses intervening with car traffic can cause significant loss of capacity. In case of long links and bus 
stops located far from the intersection, the effect of bus operation may be negligible for the rest of the traffic. For 
given arterial structures, we will investigate the effect of buses for different densities of buses and public transit 
demand (related to dwell times and frequencies).  
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Figure 3: Vehicle and passenger capacities of networks with buses
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Figure 4: Vehicle and passenger capacities of networks with
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A transportation system can be treated as an interconnected network of “reservoirs” with one or more modes 
moving, where each reservoir represents the streets in a neighborhood. In this extension, different parts of a city can 
be subject to different management strategies. Perhaps bus-only streets are allocated only in the central business 
district while other parts of the city allow vehicles to operate in mixed traffic. The effect of changes in one reservoir 
on the behavior of adjoining reservoirs will also be considered with this model. Our understanding of multi-mode, 
multi-reservoir cities is a research priority. 
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